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Abstract 

Let C*(S) be the C* algebra generated by an operator system S i.e. a unital 

*-closed subspace of a unital C* algebra A. We consider here separable operator 

systems and prove that any complete order isomorphism I : S —> S' between two such 

operator systems has a unique extension to a C*-isomorphism X : C*(S) — > C*(S'). 

CO ! As an application of this result we settle Arveson's conjecture: any separable operator 

> 

CT\ ■ system S is hyper-rigid for C*(S) if and only if every irreducible representation of 

C*(<S) is a boundary representation of the operator system S. 

o 



1 Introduction: 

Let C(n) be the commutative C*-algebra of countinuous complex valued functions 
on a compact Hausdorff space £1. For two such spaces f2 and £1' and a continuous 
map 7 : Q' —$ Q we define endomorphism T : C(Cl) — > C(fi') defined by 

r(v)(u/) = V°7(w') (i-i) 

In case 7 is an one to one and onto map, then T is an automorphism. A well known 
theorem, due to M. Stone [Sto2], says that any auto-morphism T : C(Q) — > C(Jl') 
determines uniquely a continuous one to one and onto map 7 : Cl' — > CI such that 
(1.1) holds. A theorem of R.V. Kadison [Kal] says that same is true if T is an order 
isomorphism i.e. a linear one to one and onto map such that both T and T _1 are non- 
negative maps i.e. the map takes non-negative functions to non-negative functions. 
A subspace T C C(Q) is called a functions system if T contain constant functions 
and J- is closed under conjugation i.e. ip € J- if and only if ip(co) = ip(oj). Another 
theorem of M. Stone [Stol] also says that closed algebra generated by a function 
system T is equal to C(il) if and only if T separates points in Q. In particular this 
result also says that an automorphism T is determined unique by it's action on a 
separating point function system T . One valid question that one may ask: What 
can be said about an order isomorphism map between two separating points function 
systems T and J 7 '? 

In this paper we address this problem with affirmative answer in a more general 
framework of operator systems of a C*-algebra replacing function systems of C(£l) 
and then make use of these results to answer Arveson's conjecture on hyper-rigidity 
of an operator system which we describe in details after developing our mathematical 
framework of C*-algebras and their associated maps. 

A vector subspace S of a unital C* algebra A is called self-adjoin if x* G S 
whenever x € S. A self- adjoint unital subspace S of A is called operator system 
[Arl,Pa3]. Let 5+ be the cone of positive elements in S and C* (S) to be the C*- 



algebra generated by S. An unital linear map I : S — > S' between two operator 
systems S Q A, S' C A' is called positive if X{Sj r ) C S' + and is called completely 
positive (CP) if for each k > 1, 1^ = 1 <g> I k : M k (S) ->• M k (S') denned by 1 <g> 
T k ({x))) = {(l(x)))) is positive i.e. Z^ k \M k {S) + ) CM k (S')+. Two operator systems 
5 and S' are called order isomorphic if there exists I : S — >■ 5', a positive unital 
one to one and onto linear map such that it's inverse is also positive. Two operator 
systems <S and S' are called completely order isomorphic if there exists a unital 
completely positive ( UCP ) X : S — )■ <S' one to one and onto map such that it's 
inverse is also completely positive. We have cited standard text [Pa3] on operator 
systems on several instants in the text omitting often details as we maintained same 
terminology and hopefully also same notations. 

In a celebrated paper [Kal] R.V. Kadison proved that an order isomorphism 
between two C* algebras is a sum of a morphism and an anti-morphism i.e. for two 
arbitrary C*-algebras A and B C B(7i) an order-isomorphism Z : A — > B is a disjoint 
sum of a morphism and an anti-morphism i.e. there exists a projection e £ B" f] B' 
i.e. center of B such that x — > I(x)e is morphism (*-linear and multiplicative) and 
x — > I(x)(I — e) is an anti-morphism (*-linear and anti- multiplicative) . Thus when 
B is a factor an order-isomorphism is either an isomorphism or anti-isomorphism. It 
is a simple observation that anti-morphism part in the decomposition will be absent 
[ER] if we also demand an order isomorphism to be a CP map. For details we refer 
to Corollary 5.2.3 in [ER]. In particular [Fa] we have a norm preserving CP unital 
linear map r :M n (C) — 7-M n (C), i.e. ||r(x)|| = \\x\\ for all x £ M n (p) if and only if 
t(x) = uxu* for some unitary u (zM n (p). Thus a complete order isomorphism on 
C* algebras is an C*-isomorphism which we call in short isomorphism. 

It is natural to look for a generalization of R.V. Kadison's theorem for operator 
systems with the role of order isomorphism replaced by complete order isomorphism 
between two operator systems. This problem got it's attention ever since William 
Arveson introduced dilation theory [Arl]. 



THEOREM 1.1: Let S, S' be two separable operator systems of unital C* algebras 
and I : S — > S' be a unital complete order isomorphism. Then there exists a 
unique complete order isomorphism I : C*(S) —> C*(S') extending I. Further same 
statement is valid for non-separable operator systems as well. 

First we prove Theorem 1.1 with additional hypothesis on complete order- 
isomorphism map I : S — > S' namely we will assume that it takes a faithful state (ft 
on C*(S) to another faithful state (ft' on C*(S) i.e. (ft' = (ft oX on S. To prove this 
weaker version of Theorem 1.1, we adopt Arveson's ideas appeared in [Arl] which 
uses an one to one and onto correspondence between the category of unital CP maps 
on an operator system and states on an amplified operators systems. The following 
theorem of independent interest is our main technical theorem. 

THEOREM 1.2: Let S be a separable operator system in a unital C* algebra 
A C B(7i) and closed in weak* topology of B(1~L). Let r : S — >■ B(H') be a unital 
injective weak* continuous CP map. Let (fto be a faithful normal state on B(7i'). 
Then the following holds: 

(a) There exists a faithful state (ft on A such that 4>(x) = 4>o(t(x)) for all i£5; 

(b) For each faithful state (ft satisfying (a), r has a CP extension r/ : A — > B{T~L') of 
r : S — > B(1~L') such that (ftoi] = (ft on A. 

Theorem 1.2 is the basic ingredient used to find a proof for Theorem 1.1 with 
additional hypothesis on intertwining faithful states. The condition of having inter- 
twining faithful states can always be fulfilled when operator systems are separable. 
Finally separable assumption on operator systems can also be removed by consider- 
ing the class of separable operator systems contained in S and S' respectively. Then 
we can use transfinite induction in order to get a global isomorphisms from C*{S) 
to C*{S'). Thus we arrive at the full generality of Theorem 1.1. Proof of Theorem 
1.1 and Theorem 1.2 will be given in section 3. 

In different contexts with different related objectives and motivations, operator 



systems are studied ( see papers and references there in [Ag],[Da] for model theory, 
[Ar4] , [Ar5] , [MuS] for non -commutative Choquet's boundary theory, [B1],[B1M] for 
multiplier algebra and Morita equivalence, [Pal] , [Pa2] , [Ha] for Kadison conjecture on 
similarity, [Pi] for injective property of a C* algebra and Kadison' similarity problem) 
for the last few decades ever since William Arveson's celebrated work [Arl] gave the 
foundation for operator systems. We also wish to draw reader's attention to some 
interesting related problems reviewed in a recent elegant exposition by F. Douglas 
on unitary problem [Fa] on similarity. 

In the following we include our prime application by proving Arveson's conjecture 
on hyper-rigidity which would be the basis for a non- commutative potential theory. 
We defer other non trivial applications of Theorem 1.1. A complete classification 
problem up to cocycle conjugacy for extremal elements in the set of UCP maps on 
M n (p) [Ch] will be investigated in a forth coming paper [Mo]. 

We first recall quickly Shilov and Choquet boundary of a function system. Let 
A = C(f2) be a unital commutative Banach algebra of continuous functions on a 
compact Hausdorff space. A closed subset F of f2 is called a boundary of A or f2 if 

max wei ?|a:(a;)| = max w6 f 2 |x(o;)| 

i.e. an abstract maximum modulus principle holds. We use symbol dA to denote 
the set of boundary sets of A. The closed set K = PIfgcM F ls a ^ so a boundary by 
a theorem of Georgiy Shilov and K is called the Shilov boundary of A. Thus one 
may also say that Shilov boundary is the minimal closed set where abstract maximal 
modulus principle holds good for A. Thus Ma is the algebra of continuous functions 
on the Shilov boundary K of Q, with the imbedding i : / — > f\K. Instead of A, we 
can define similarly Shilov boundary Kg of a function system S C A if S separates 
two points of fi and contains constant functions. Kg is the smallest closed set in Q 
on which every function in S achieves its norm. Ms is the algebra of continuous 
functions on K s . In particular it says that Kg is the closure of Choquet boundary 
of il relative to S. 



We fix an operator system S and set A = C* (S) . We recall now abstract charac- 
terization of C*-envelope algebra as described in [Bl] inspired by [Arl],[Ha] and [DM]. 
The C*-envelope algebra of an operator system S consists of a C* algebra Ms and a 
completely isometric unital imbedding i : S — )■ Ms such that Ms = C*{i(S)) with 
the following universal factorization property: If j : S — )■ B = C*(j(S)) is another 
such an imbedding then there is a *-homomorphism n : B — > Ms so that i = jir. 
More generally given an (abstract) operator algebra A, the C*-envelope, Ma, is 
the (essentially unique) smallest C*-algebra among those C*-algebras C that can be 
generated by a completely isometric representation of A. Thus, the C*-envelope can 
be seen as the non-commutative analogue of the Shilov boundary. 

DEFINITION 1.3: A UCP map r : S -> B(TL) is said to have unique extension 

property if 

(i) r has a unique CP extension f : C*(S) — > B(T-L); 

(ii) f is a representation of C*(S) on ~H. 

If 7i is separable we say r is separably acting. 

DEFINITION 1.4: An irreducible representation it : A — >■ B(H), where % is a 
complex separable Hilbert space, is called a boundary representation if ir\s has unique 
extension property i.e. for any UCP map r : A — > B(7i) such that r = n on 5 then 
r = 7r on .4. 

The C*-envelope algebra was introduced by W. B. Arveson in [Arl] and also 
[Ar2]. He proved its existence provided there are enough boundary representations 
dS: For each n > 1 the following holds 

ii(4)H= E ii(W*5)))ii 

vreas 
for all x = (x*) £M„(5). One such realization of Ms in his work in [Arl,Ar2] goes 
as follows. The largest closed two sided ideal Ks of A such that the quotient map 
x — > [x] = x + Ks is completely isometric on S where Ks = {f){ker(ir) : ir g dS} 
where dS is the set of boundary representation of S. The quotient C*-algebra is 



the C*-envelope of S. In the commutative setting, these boundary representations 
correspond to points in the Choquet boundary. 

These results on existence of Shilov's boundary have some influence on William 
Arveson's reformulation on his non-commutative Choquet boundary theory and it's 
relation with Shilov's boundary. Question that came as central when those two 
boundaries are equal in the non-commutative set up. In his paper [Ar4] this problem 
where reformulated into a number of equivalent criteria in terms of non-commutative 
version of classical approximation theorem of P. P. Korovkin [Ko] . We refer Theorem 
2.1 in [Ar4] for details. We adopt criteria (c) given in Theorem 2.1 in [Ar4] as our 
definition of hyper-rigidity in the following definition. 

DEFINITION 1.5: An operator system S of a unital C*-algebra is called hyper- 
rigid for A if S generates A i.e. the minimal sub-algebra C*(S) of A that contains 
S is A itself and every representation tt : A — )■ B(H) on a separable Hilbert space % 
has a unique CP extension i.e. only UCP map r : A — > B(H) that satisfies t\S = iriS 
is r = 7r itself. 

Theorem 2.2.5 in [Arl] gives a weaker version for Theorem 1.1 under additional 
hypothesis namely trivial 'Shilov boundary ideals K s and K s i for S and S' respec- 
tively. In Corollary 4.2 in [Ar4] he has also proved for separable operator systems 
'hyper-rigidity' implies trivial Shilov's ideal. Further he has also given an explicit 
example of an operator system which fails hyper-rigidity property (Theorem 3.1 in 
[Ar4]). On the other hand now Theorem 1.1 shows that hyper-rigidity has no direct 
relation with complete order isomorphism lifting property from operator systems to 
their C*-algebras. However our main result Theorem 1.1 finds it's place in the proof 
given here for an criteria for 'hyper-rigidity'. 

Now onwards our attention is restricted to separable operator systems S. The 
main reason behind this assumption lies with the fact that it guarantees existence 
of a faithful state and so we may embed A = C*(S) faithfully into the algebra of 



bounded operators on a complex separable Hilbert space via GNS construction [BR]. 
William Arveson proved in [Ar4] that every irreducible representation of C*(S) is a 
boundary representation of S if S is hyper-rigid. In such a situation C*-envelope AAs 
is trivial. In his paper he then asked whether converse is true? This has influenced 
us to state and prove the following theorem which he has stated as Conjecture 4.3 
in [Ar4]. 

THEOREM 1.6: Let S be a separable operator system of A = C*(S). Then 
following statements are equivalent: 

(a) S is hyper-rigid for C*{S). 

(b) Every irreducible representation of C*{S) is a boundary representation for S; 
Further in such a case 

(c) M s = C*(S) and K is trivial. 

Theorem 1.1 in particluar says that for two bounded operators x,y on a Hilbert 
space the map 

XI + fix — > XI + fiy, A, n & C 

is completely isometric if and only if the map extends to a C* isomorphism bewteen 
A(x) and A(y) where we used symbol A(x) for the C*-subalgebra generated by x. 
Further the isomorphism takes one faithful state on A{x) to another faithful state as 
C* algebras A(x) and A(y) are separable ( for details see section 2). Thus via GNS 
representation we can emmbed faithfully n x : A(x) — > B(1-L x ) and find an unitary 
operator U : Ti x —?■ T~i y such that 

Uir x (x)U* = TT y (y) 

In case x, y are irreducible compact operators on 71, A x = A y = K,{7i) i.e. equal 
to C*-algebra of all compact operators on 7i, then isomorphism is intertwined by a 
unique unitary operator u on 7i i.e. 



uxu 



This result with irreducible compact operators x,y is well known [Arl]. In case 
x, y are bounded operators on a Hilbert space, a general mathematical problem of 
interest when can we expect the natural complete isomorphism map which takes x 
to y are inter-twined an unitary operator u on Til 

Now we also discuss briefly significance of Theorem 1.1 in classical set up de- 
scribed at the starting paragraph. Theorem 1.1 says now that any order isomorphism 
map between two seprating points function systems J- and T' has a unique extension 
to an automorphism between C($l) to C(Jl'). Thus a theorem of M. Stone says that 
r : T — > J-' is implimented by a continuous one to one and onto map 7 : Q' — > £1 
such that 

a(ip)(uj') = ip o 7(0/) 

for all ip £ J-. 

Section 2 gives proofs for Theorem 1.1 and Theorem 1.2 in reverse order. Section 3 
includes in particular a proof for Theorem 1.6. Thorem 1.6 in particular also solves a 
number of related problems in non-commutative approximation theory [Ar4], convex 
function theory [Pz], model theory [Ag] that William Arveson reviewed in his paper 
[Ar4] . We briefly indicate those related problems as well for illustration of our results 
and it's domain of applications. 

Finally we comment now on non-separable operator systems. That there exists 
enough boundary representation for a non-separable operator system is proved in a 
recent submission to mathematics Arxiv by K. Davidson and M. Kennedy [DaK13]. 
Thus (a) imples (b) and (b) implies (c) goes without much change of the argument 
used for separable case by [Ar3]. Since Theorem 1.1 holds good for non-separable 
operator systems as well, it is likely that one can settle hyper-rigidity conjecture 
i.e. (b) implies (a) also for non-separable case provided we can avoid disintegration 
that is used in the last part of Theorem 1.6. We avoid many possible application as 
it would be marely applying our results proven here clbded with many interesting 
situation listed in William Arveson's paper [Ar4] and [Ar5]. 
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I express my gratitude and thanks to Gilles Pisier and Eric Ricard for pointing 
out a gap in the proof of Theorem 1.2 given in the first draft with an instructive 
counter example which helped me to rectify the statement of Theorem 1.2 to it's 
present form. 

2 Hann-Banach-Arveson's extension theorem: 

We start with a simple lemma. 

LEMMA 2.1: Let <S be a finite dimensional operator system of a unital C* algebra 
A and /:5^-Cbea unital faithful positive linear functional on S. Then for any 
x > non zero element in A, there exists a state g on S x = S +Cx, extending / 
so that g(x) > 0. Further if A is separable then there exists a faithful state g on A 
extending /. 

PROOF: For x £ S we take g = f and extend using Krein's theorem. For x £ S and 
x > 0, we consider the operator system S x generated by {S, x}. We first consider the 
self-adjoint subspaces S x and S of S x and S respectively. We recall Minkowski's 
function P : S^ — >■ iR+ given by 

P(y)=mf y , esh {f(y'):y<y'} 

In particular since y < \\y\\I and /(/) = 1, we have P(y) < ||y|| for all y € S x . So 
we get 

P(y)=mf y , eSh {f(y'):y<y'<\\y\\I} 

We also have by definition that P(y) = f(y) for all y € S h . 

f has a Hann-Banach extension as a positive linear functional g to S^ provided 
we choose a = g{x) satisfying g(y) < P(y) for all y G S^ i.e. by usual sub-additive 
property of P 

ft = sup^ftlJV) - P(y' - x)} < a < ft = mf yeSh {P(y + x) - f(y)} 
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By our construction we have < (3\ < a < ft- Thus we have to rule out the 
possibility that /3i = fii = 0. 

Suppose that ft = /3 2 = 0. So f(y') - P(y' - x) < < P(y + x) - f(y) for 
all y',y G S h . Since x > 0, by definition of P we have P(y' — x) < f(y') for all 
y' G 5 h . So /(y') = P(y' - x) for all y' G <S\ We fix e > and choose y G S h 
satisfying P(y + x) — f{y) < e. We also have P(y + x) + e > /(y') for some y' € 5^ 
with y + x < y' . So /(y') < P(y + x) + e < f{y) + 2e i.e. f(y' — y) < 2e where 
< x < y' — y for some y,y' G S . Now we apply definition of P for x to get 
P(x) < f(y' — y) < 2e. Since e can be arbitrarily small, we get P(x) < 0. Since / is 
positive on S, we also get P(x) > 0. So we arrive finally at P(x) = 0. 

The set {y' £ S h : x < y' < \\x\\I} is closed. If S is a finite dimension the closed 
set is also compact. In such a case we get P{x) = f(y') for some y' G S h where 
< x < y'. This contradicts faithfulness of / on 5^. 

Now we extend g to S x by expressing S x = S% + iS^ and extending linearly over 
the field of complex numbers. 

For the last part, using Krein's theorem, we extend g to a state on A and denote 
it by g x . Thus g x {x) > 0. A being separable the <S+ = {x G S + : \\x\\ = 1} is a 
Lindelof space i.e. every open cover has a countable sub-cover. For each x G A, by 
continuity of g x , we find an open set O x in S x such that (j) x (y) > for all y G O x . 
Since the collection {O x : x G S x } is an open cover for <S^_, we get a countable 
sub-cover Xn for S+. Now we set <fi = Xm 2"0^n; which is a faithful state on A. ■ 

Note that finite dimensional property of S is only used to ensure compactness 
property of the closed set {y' G Sh '■ y < y' < ||y||/}. Thus one simple infinite 
dimensional variation of Lemma 2.1 is as follows. If A C B(H) and S is closed in 
weak* topology then {y' G S^ : y < y' < ||y||/} is weak* compact. Thus by the 
argument used in the proof for Lemma 2.1, any weak* continuous linear functional 
/ : S — >C has a faithful extension to A provided / is faithful on 5+. 
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LEMMA 2.2: Let S be an operator system of a unital C* algebra A C B(7i) and 
5 is also closed in weak* topology of B(H). Let / :M n (S) — >C be a unital positive 
linear weak* continuous functional and be faithful onM n (5)+ then for any x > non 
zero element in *4, there exists a positive linear functional g :M n (S) x —?-C extending 
/ so that g(x ® I n ) > where M n (5)a; = M n (<S) +Cx. Furthermore if A is separable 
then there exists a state g on the operator system M n (<S) + .4 extending / which is 
faithful on A. Let r : S — > M n (£J) be a UCP map such that r is faithful on <S+ i.e. 
t(z) = for z £ (S + if and only of z = then s((y]) = ^ Z)i<i i<n < e i T (Vj) e j > i s 
faithful onM n (5) + . 

PROOF: We replace the role of 5 in Lemma 2.1 byM„(<S) and fix non zero x > in 
^4. Assume contrary that such a state is not possible. Then going along the same line 
in the proof of Lemma 2.1, we get y = (y*) £M n (S) with < X0I < y and f(y) = 0. 
Now we consider the set {y' G M n {S) + ,y' > x ® /„}. Since M n (5) + is a closed set 
in weak* topology, any totally ordered set has a greatest lower bound and thus by 
Zorn's lemma we get a unique positive element y m in such that x ® / < y m %n and 
thus we also get f(y m i n ) = since y m in < 2/- Since M n (S) is invariant under unitary 
conjugation by any unitary matrix I (g) A where A € M n (p), we get by uniqueness 
l/ m i n commutes with all I <8> A. Since in general closed convex cone generated by 
5+ (8>M ra (C) + need not be equal toM n (<S) + , we can not conclude that y m in = Uo® In 
for some yo £ S. 

We will injective property of r now. We write y m in = (y)) and 

2 < Aei,T(yj)A ej >= 

for all A G U n (C). We claim that T(y!) = for all 1 < i,j < n. We fix an index 
1 < i < n. Taking a — > —ei and ej — > ej for j ^ i, we get 

J2 <Xe i ,T(y i j )\e j >= 

for A E C/ n (C) . Fix any j 7^ i and choose transformation e^ — > ze^ where z € C and 
|z| = 1, we conclude < Aej,r(y*)Aej >= 0. Since A is any unitary matrix, i ^ j 
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we have r(y'j) = 0. Since f(y) = 0, we get < Aej,r(y|)Aei >= and once again 
A being arbitrary unitary matrix, we conclude that r(y|) = 0. Since r is CP and 
faithful i.e. t{z) = for z £ 5+ if and only if z = 0, we conclude that y l - = for all 
1 < i < n. Since y = (y*-) > 0, we conclude that y = diagonal entries being zero. 
This contradicts our starting assumption that x > and x ^ since x ® I n < y. 

Rest of the statement follows along the same line of the proof given for existence 
of a faithful extension of state in Lemma 2.1. ■ 

Let S be an operator system of a unital C*-algebra A. We recall in the following 
some essential steps in Hann-Banach-Arveson's extension theorem [Pa, Chapter 6]. 
We set one to one correspondence between the set of CP maps r : S —> M n (C) and 
positive functional s T :M n (S) —}C defined by 



s T {{x)))= l - £ r(xj)j 

l<i,j<n 



and 

t 8 (x) % j = ns(x <8) |ej >< e^ |) 

where e, is an orthonormal basis for C n . Note that s T (x <8> / n ) = t r o{T~(x)) for all 
x G S where tro is the normalized trace on M n (C) and further 

(a) r is unital if and only if s T is a state on the operator space M n (S); 

(b) x — y tro(r(x) is a state on S; 

(c) Let Str oT(A) be the set of states on A extending the state x — > iro(r(x)) from 
S to A i.e. (ft G S , tr-oor(-^-) if s T (x (g) J n ) = </>(x) for all x£5. 

In order to deal with a faithful state </>o on M n (C) we fix an orthonormal basis e^ 
and Aj 7^ such that 0o( a:; ) = J2i \^i\ 2 < ei,xei > for all x GM n (C) and consider the 
non-negative matrix A = ((AjAj)) and reset 

s r ,,((x))) = s T (((X))) o (( X j))) 



T s( X )) = Ti s r,\(x (g) |ej >< &j|) 



J 
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where o denotes Schur product. Since Schur product takes a non-negative element 
to another non-negative element onM n (<S), we inherits all the property of the cor- 
respondence between r and s T with a modification s T ^\(x I n ) = <fio(r(x)) for all 
x £ A. Thus (b) is now modified as 

(b') If is a state on A then <Pq(t{x)) = <p(x) for all x £ S if and only if s r \(x®I n ) = 
4>(x) for all x £ S. We set convex set S ( f >QOT (A) similar to St ro or(A). 

THEOREM 2.3: Let S be an operator system in a unital C* algebra A C B{%) 
and r : S — 7-M n (C) be a UCP map. Let 4>Q be a faithful state on M n (C) and be a 
state on A such that <j)(x) = (/>o(r(x)) for all x£S. If <S is closed in weak* topology 
of B(1~L) and the map r is injective on S, then r has a CP extension ij : A -^-M n (p) 
of the r : S — >M n (C) such that (pQ-r] = 4> on A. 

PROOF: We consider the case first with </>q, the normalized trace. We consider 
the linear function s on the operator system S n , the linear span ofM n (<S) and A®I n 
defined by 

mx)))+x®I n ) = sMx)))) + <P{x) 

where x*- G S and x € A with (f> £ S T (A). That it is well defined follows as 
s T {x ® I) = 4>{x) for x G S. We claim that s is contractive for any faithful state 
4> £ S T (A). 

The linear functional being on an operator system, contractive property is equiv- 
alent to positivity of s. For any element Y = ((x*)) + x /„ > 0, with representing 
element x l , € S and x £ A, we assume without loss of generality that x £ Ah and 
((#!•)) £Md(S)h i.e. are self-adjoint elements. 

We consider the maximal set Ad of self-adjoint elements in A such that x £ AA 
for which whenever 

o < ((*;■)) + x ® j n (2.i) 

for (xj) GM n (5) h then 

0<s((x;.)+x®/„) (2.2) 
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Certainly Sh € A4. We aim to prove Ai = Ah, self-adjoint elements in A under 
our hypothesis that S is closed in weak* topology of B(7i). Suppose not i.e. Ai ^ Ah- 
Then we find element x € Ah but not in Sh such that 

s((x})) - 4>(x) < 

though (a;*-) — x <8> I n > for some (x*-) £ M n (S)h- As in Lemma 2.2 we have 
x < y m m where y m j n G 5/j is the greatest lower bound in the weak* closed set 
{y > x <g> I n : y G M„(«S) h }. Thus we have (I (8 \)y m in{I <8> A*) = y min by the 
uniqueness of greatest lower bound and 

sfemin) = «((-f <S) \)y m in{I ® A*)) 

Now we follow the foot steps of the last Lemma 2.2 to conclude that r(y*) = 
for all y l j where y m in = (y))- T being injective y m i n = 0. So —4>{x) < for — x > 0. 
Since (j) is state on A, we get a contradiction. 

s is a contractive unital map on an operator system. So by Krein's theorem we 
can extend s toM n (.A) as a state. Thus we get a trace preserving unital extension of 
r : S — > M n (C) to r : .4 — > M n (C) by the above correspondence discussed preceding 
the statement of this theorem. 

We need to include very little modification of the above argument with s Ti a 
replacing the role of s T in order to include more general state (j) on A. ■ 

The following theorem is little more general version of Theorem 2.3. 

THEOREM 2.4: Let S be an operator system in a unital C* algebra A C B{H) 
and r : S —?■ B(H') be a unital injective CP map. Let </>o be a faithful normal state 
on B{T-C) and be a faithful state on A such that (f>(x) = (/)q(t(x)) for all x £ S. If 
5 is closed in weak* topology of B{%) then r has a CP extension r/ : A —> B(H') of 
r : S — >■ B(H') such that 0o?7 = </> on A. 

PROOF Same proof will work for a faithful normal state on B(H') where we need 
to consider matrices of countable dimension ((x*)) where x*- are zero except finitely 
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many entries and Schur's product is still well defined taking product of two non- 
negative elements to another non-negative element of finite support. Thus one to 
one correspondence r — > s T ,^ still valid with obvious modification. Rest of argument 
for construction of r\ will follow the same steps. ■ 

PROPOSITION 2.5: Let S be an operator system of a unital C*-algebra A C 
B{Ji) and the closed C* algebra generated by <S be equal to A i.e. A = C*(S). Let 
r : A —7- A be a unital CP map with a faithful invariant state extending the inclusion 
map I : S — > A- Then r is the identify map on A. 

PROOF: It is fairly well known that the set TV = {x € A : t(x) = x} is a *-sub- 
algebra for a unital CP map with a faithful invariant state. Proof goes as follows. 
By Kadison Schwarz inequality [Ka] we have t(x*x) > t(x*)t(x) for all x £ A and 
if equality holds for some x then we also have r(x*y) = r(x*)r(y) for all y £ A. 
Now we use faithfulness of the invariant state to show first that x*x in TV whenever 
x £ TV and then x*y £ TV when x, y £ TV. r being an extension of identity map on S, 
it contains S. Thus TV also contains *-algebra generated by <S. r being continuous, 
we conclude that TV = A i.e. r is the identity map on A. ■ 

THEOREM 2.6: Let X : S — > S' be a unital complete order isomorphism where 
S and S' are unital operator systems of a matrix algebra say M n (C). Further we 
assume complete order isomorphism takes one faithful state to another i.e. there 
exists faithful states </>,<// onM n (C) such that <pX{x) = 4>'(x) for all x € S. Then X 
has a complete order isomorphic extension to X : B — > B' preserving c/)I(x) = (f)'(x) 
for all x £ B where B and B' are the minimal C* sub-algebras of M n (C) containing 
<S and S' respectively. 

PROOF: Without loss of generality we assume that A and A' are generated by S 
and S' respectively. Let rj and t%-\ be Arveson's extension of the map X and it's 
inverse X -1 so that (J)'tx = <fi an d 4' T x- 1 = 4>' ( by Theorem 2.3). Then r = Tj-i o tj 
is a unital map on A and is an extension of the inclusion map of S in A preserving 
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(ft and thus by Proposition 2.5 r is the trivial on A. Same is also true for tj-i o tj. 
Thus Tj-i is the inverse of t%. This completes the proof. ■ 

In Theorem 2.6 we imposed an artificial condition on the complete order isomor- 
phism that it takes a faithful state to another faithful state though the proof makes 
use of the hypothesis. In following we now prove that it is indeed artificial for a large 
class of operator systems namely for separable operator systems. 

LEMMA 2.7: Let S, S' be two operator systems of separable unital C*-algebras 
A C B(T~L) and A' C B('H') respectively. Let Z : S — > S' be a unital order isomor- 
phism map and both S and S' be closed in weak* topologies of B{T~L) and B{l~i') 
respectively. Then for a given faithful state (ft on A ( which exists ) there exists a 
faithful state (ft' on A' so that 4>'{x) = (ftZ(x) for all x € S. 

PROOF: Since A is separable, any open cover of S\ = {x > : ||x|| = 1} has 
a countable sub-cover. Thus we can follow the steps given in Lemma 2.1 with 
S = {1} to guarantee existence of a faithful state after fixing a countable sub-cover 
{O x : x £} for S\ and then by taking their convex combination (ft = J2n>i 2^(ftx n - 
Now we consider the state (ftl on S and follow the same steps to find a faithful state 
(ft' on A such that (ft' = (ftX on S. ■ 

Given a state (ft on a C*-algebra .4, we consider the GNS space (^0,^,0^,) 
associated with (A, (ft) where (ft{x) =< Jl^,, 7r(x)r^ > has a normal state extension to 
the von-Neumann algebra ir^A)" given by 4>q(X) =< Q, XQ > for all X € ir^A)" 
where fi G Ti^ is the cyclic vector for tt(A)" in %^. For a faithful state (ft on A, 
vector state (ftn is faithful on it^A)" . 

THEOREM 2.8: Any complete order isomorphism between two operator systems 
of M n ((3) is implemented by some unitary matrix. 

PROOF: It is a simple consequence now once we club Lemma 2.7 and Theorem 
2.6 that any complete order isomorphism has an extension to a complete order iso- 
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morphism between there C* algebras generated by them. Thus the result follows 
by a simple application of Corollary 5.2.3 in [ER] which says any complete order 
isomorphism between two C*-algebras are C*-isomorphism. ■ 

PROOF OF THEOREM 1.1: Proof goes qualitatively as in Theorem 2.8 aided 
with Theorem 2.3. Let X : S — > S' be a complete order isomorphism. If S and so 
S' are finite dimensional operator systems, we fix faithful states 4> and <fi' on C*(<S) 
and C*(S') respectively with the property <fi' = <p ol _1 using separable property of 
C*(S) and C*(S') and argument that we used in the proof for Lemma 2.1. Thus we 
extend a C* isomorphism going along the line of Theorem 2.8. 

For separable but not finite dimensional operator systems S and S' , we consider 
the set of finite dimensional operator subsystems «S(/) of S i.e. S(f) = {Sf C <S : 
Sf operator systems of A}. We fix an increasing chain of Sf n of operator systems 
such that C*(\JSf n ) = C*(S) and f n +i ^ C*(Sf n ) since S is separable. Since 
C*([jSj- n ) = C*(S), without loos of generality we assume that S = \J n >i Sf n and 
5' = U„>iX(«S/J)- 

Thus we find an isomorphism X : C* (S) —> C*(S') by extending I : C*(Sf n ) — » 
C*{l{S fn )) to |Jn>i C*(S/J -> Un>i C*^ 5 /™)) and then to their closures. 

Now we extend the result to non-separable operator systems. We consider the 
set of separable operator subsystems Ss in S and S' s in S' respectively. We fix a 
complete order isomorphism I : S — )• S'. For each element S s £ Ss, we get an 
isomorphism Is : C*(S S ) — > C*(I(S S )). We use now transfinite induction to get 
an isomorphism X : Us s eSs C*(^s) — > U5'e<s' C*(S's) anc * once more we use dense 
property to get an unique isomorphism as an extension to C*(S) with C*(S'). ■ 

A subspace A4 of a unital (7*-algebra A is called operator space. We denote by 
C*(M) the (7*-algebra generated by M together with M* = {x : x* € M}. Next 
result answers when A{x) and A(y) are expected to be C*-isomorphic under the 
natural map A + jjlx — > A + fxy for two elements x, y £ A. 
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THEOREM 2.9: Let Mi and M 2 be two operator space with units of unital C* 
algebras Ai and A 2 . If Xq '■ Mi — > M 2 is a unital complete isometric map then 
there exists a unique extension of Xq to a C*-isomorphism X : C*{M\) —?■ C*(M 2 ). 

PROOF: We consider the map X : Mi + M* -)• M 2 + M\ defined by X (a + b) = 
Io(a) +Zo(6). By Proposition 2.12 in [Pa2], Xq is a well defined positive map since 
Xq is contractive map. Same argument now also shows that the map Xq <8> /„ is a 
well defined positive map for each n > since 2o ® ^n is contractive. Same argument 
holds good for the map J : M2 + M\ -> Mi + M* defined by 

J (a + b)=X^ 1 (a)+X 1 (b) 

for all a, b G M 2 - Clearly Jq is the inverse of Xq. Thus Xq extends uniquely to a 
isomorphism of their C*-algebras by Theorem 1.1. ■ 

3 Non-commutative Choquet's boundary theory and 
Hyper-rigidity: 

Proof of Theorem 1.6 relies on various inputs apart from Theorem 1.1. In particular 
we make use of Theorem 2.5 in [Ar3] which is a refined version of a result of M. 
Dritschel and S. McCullough [DM]. In the following we briefly recall these inputs 
first. 

Given an operator system S C C*{S) and two UCP maps r^ : S — > £>(%&), 
k = 1,2 we write t\ -< t 2 if Hi Q H2 and P^ 1 T2(a)i :> -H 1 = Ti(a) for all a £ S. The 
partial ordering is reflexive and transitive . Any UCP map can be dilated in a trivial 
way by taking direct sum with another UCP map. 

DEFINITION 3.1: A UCP map r : S -)• B{U) is said to be maximal if it has 
no non-trivial dilations: r -< r' implies that r' = r © tp for some unital CP map 
Y> : C*(S) -> 0(^0- 
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A characterization of the boundary representations due to P. S. Muhly and 
Baruch Solel [MuS] found it's use in proving Theorem 2.5 in Arveson's recent paper 
[Ar3]. In the following we adopt for our purpose the following two propositions. 

PROPOSITION 3.2: [MuS] A UCP map r : S ->• B(H) has the unique extension 
property if and only if r is maximal. 

PROOF: We refer to Proposition 2.4 in [Ar3] for a proof. ■ 

PROPOSITION 3.3: Let S C C*{S) be a separable operator system and r : 
S — )■ B{%) be a separably acting UCP map. Then tq has a dilation to a separable 
acting UCP map fo : S — > B(7i) with the unique extension property i.e. there exists 
a unique UCP extension f : C* (S) — > B(H) of fo : S — > B(%) such that f is a 
representation of C* (S) on 7i. If P is the projection on H with range equal to 7i 
then UCP map 

T (a) = Pf(a)P 

for all a € C*(S) extends UCP map r : 5 -» £(ft). 

PROOF: This is exactly the statement of Theorem 2.5 in [Ar3]. This is a non-trivial 
variation of Stinespring dilation modulo maximal property and the proof given in 
[Ar3] uses separable property of S and %. ■ 

We make the following two observation that we will use frequently: 

(a) r(a) = Prj(a)P whenever f -< rj. 

(b) The extension r : C*(S) —> B(7i) of tq depends on the choice that we make to 
construct fo- Let Tq : S — > B(fi,k) be two such choices as extensions of tq. Maximal 
property will ensure that there exists an unitary operator U : Mi — > %2 such that 
UPxU* = P 2 and 

fi(o) = U*f 2 (a)U 

for all a £ C*(S), where Pk '■ T~Lk —> T~L are the projections with range equal to T~L 
from Tik- By looking at corner determined by P 2 we arive at Ti(a) = UT2(a)u* for all 
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a £ C*(S). Since T\(a) = T2(a) = To (a), we arrive at u commutes with tq{cl) : a £ S. 
If To (a) = 7To(a) and 7To : C*(S) — > B(T-L) is a representation then u € ttq(C* (S))' . 

LEMMA 3.4: S is hyper-rigid for C*(S) if and only if every faithful cyclic 
representation it : A —¥ B(7i) on a separable Hilbert space 7i has a unique CP 
extension i.e. only UCP map t : A — > B(7i) that satisfies t\S = iriS is t = ix itself. 

PROOF: It is good enough if we verify unique extension property for all cyclic 
and faithful representation it : C*(S) — > B(7i) for any separable Hilbert space % 
i.e. we can as well put restriction in the definition 1.4 that n is any cyclic and 
faithful representation. We may take n to be a cyclic representation. Otherwise 
we decompose it into countable direct sum of cyclic representations. It is simple to 
check aided with Proposition 4.4 in [Ar4] that unique extension property holds for 
the direct sum once same holds in each copies. Further we may assume n to be also 
faithful. Otherwise we fix a faithful cyclic representation of ttq : C* (S) —> B(TLo) 
with cyclic vector Qq and consider faithful cyclic representation a — > vro(a) ©7r(a) in 
[no(&ir(C*(S))Q(&£lo] C 'Hq@'H for an arbitrary (a non faithful) cyclic representation 
7T : C*{S) — > B(TL) with cyclic vector il and a UCP map t such that t\$ = tti^. Cyclic 
property of modified representation follows by our construction. Faithful property 
follows from faithful property of ttq as follows: If 7i"o(a) © 7r (o) = 0, we get 

< / © 0, 7T (a) © 7r(a)7r (6) © vr(6)il © ^ >= 

for all / € [ir (C* (S))Cl ] = W i.e. < /,7r (a)7r (6)ilo >= and thus 7r (a) = 0. 
Note that UCP map a — > 7To(a) © t{o) agrees with ttq © ir on S. Thus by our 
assumption we have the map x — > 7ro(a) © r(a) = iro(a) © n(a) for all a G C*(S). 
Thus 7r(a) = r(a). ■ 

PROPOSITION 3.5: Let vr : C*(S) -> U(H) be a faithful representation and 
t : S — > B(H) be a UCP map such that r = 7r on 5. Let -zr : 5 — > B(T~L) be any 
dilation of t : 5 — > B(7i) with unique extension property as described in Proposition 
3.3. Then tt : S — > B(1~L) is a complete order isomorphism of S with it's range tt(S). 
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Further we have a unique extension of complete order isomorphism Xq : 7r(<S) — > it(S) 
to a C* isomorphism I : ir(C*(S)) —> it(S) defined by 

l(ir(a)) = it (a) (3.1) 

for all a £ C*(S). 

PROOF: The map ir : S — > ir(S) is a complete order-isomorphism since ix is a 
faithful representation of C*(S). We claim that the map it : S — > it(S) is also 
a complete order isomorphism. Complete positive property of it follows as it is a 
restriction of a ^-representation of C*(S). For one to one property of it on S we 
verify that if some a £ S, it(a) = then r(a) = Pir(a)P = 0. However t = ir on S 
and thus vr(a) = 0. Since 7r is injective, we get a = 0. Thus inverse of it which takes 
it(s) — > s is a well defined linear map. That the inverse is also completely positive 
follows along the same line: Let it <g> J n ((«*•)) > for some (s*) £M„(5). Injective 
property of it will ensure that (s*) £ M n (<S). Since 7r(s) = r(s) = PH{s)P for all 
s G 5, we also have (7r(s*)) = (r(s*)) > 0. Since -zr (8) I n is an order isomorphism, 
we get (s*) > 0. Thus we get a complete order isomorphism map Xq : n(S) —$ it(S) 
defined by 

2o(7r(o)) = 7f(a) 
for all a £ 5. The last statement is a simple consequence of Theorem 1.1. ■ 

PROPOSITION 3.6: Let vr : C*(S) -> B(H ) be a separably acting representa- 
tion of C*(S) and CP^, be set defined by 

CP^ = {r : C*(S) -»■ B(W) UCP map, r,5 = tt|5} 

Then r(C*(5))' = 7r (C*(5))' for all r £ CP W() . 

PROOF: CPtt,, is a convex set. It is a compact set in Bounded Weak topology 

[Arl,Pa2]. 

Let Tq be an extreme point in CP W0 . We fix a dilation ttq : C*(S) — > B(Hq) 
of Tq : C*(«S) — > B(Hq) with unique maximal extension property as described in 
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Proposition 3.3 by taking S as C*(S) in the proposition so that 

Tq 1 (a) = P nl(a)P (3.2) 

for all a € C*(S) where Po is the projection in %q with range equal to H.q C T-Lq. 
Note that if ttq : S — > B{J-Lq) is also a dilation of 7To : 5 — > B(H) with multiplicative 
property and so there exists a seprable Hilbert space T-Lq 5 %o an d unitary operator 
V :U\^tU\ such that 
(i) P V = VP ; 

(ii) The UCP map ttq : a — > V*ttq(o)V is a dilation of ttq : S — > B{T-Lq) and ffo •< ttq 
where ffo : S — > B(T-Lq) is a dilation of -zro : 5 — > B(J-Lq) with unique maximal extension 
property. Since fr q = fr o ® 77, if we set UCP map 

r (a) = P 7r 2 (a)P 

then we still get 

^(a) = u 1 To{a)u\ 

for some u\ £ ttq(C*(S))'. In particular ro is also an extreme point in CP VQ . 

For an arbitrary choice of dilation fr : S — > B(H) of ro : S — > B(1-Lq) with unique 
maximal extension property we get 

r (o) = Pff(a)P 

where P : % — >• %o is the projection with range equal to Hq and 

r(a) = UTo(a)u* 

for some « € ttq(C* (S))' depending on the choice of ffo- Conversely for an element 
u £ 7To(C*(S))', we can choose any unitary operator U on Hq so that Poll = uPq on 
%q and set ffo (a) = Uttq{o)U* and check easily that corner UCP map is given by 
T$(a) = UT {a)u* for a £ C*{S). 

Now consider the UCP map r/o : C*(S) — > B(Ho) defined by 

Vo(a) = 2^0 (°0 + ^0 (a)) 
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for a £ C*{S) where U is an arbitray but fixed unitary operator on T-Lq such that 
PqU = uPq, u unitary operator on T-Lq. We note that Por]o(a)Po = vro(a) if a £ S 
since u commutes with 7r(<S) by our choice. 

We consider a dilation of ijq : C*(S) — > B{Hq) as given in Proposition 3.3 to 
770 : C*{S) —?■ B(T-Lq) with unique maximal extension property ( take S = C*(S) ) in 
the Proposition 3.3 ). The map r]o : 5 — >■ B{Tl) is a complete order isomorphism as 
proven above in Proposition 3.6 for any dilation with unique extenstion property as 
ttq is faithful and thus complete order isomorphism from S to it's range. Note that 
770 is also a dilation of no : S — > B{T-Lq) as Pofjo(a)Po = PoPfjo(a)PPo = Porjo(a)Po = 
7To(a) for all a € S. 

As before we find Po%( a )-Po = WTo(a)w* for all a £ C*(S) for some unitary 
w £ 7ro(C*(5)'. Thus we arrive at the following equality 

WT (a)w* = -(T (a) + ut (ci)u*) 

for all a £ C*(S). Since To is an extreme point in CP no we get utq{o)u* = tq{o) 
for all a £ C*(S). This shows that ri(C*(5))' = 7r (C**(5))'. Since it holds for any 
extreme elements in CP„- , we conclude same holds for any of their elements in their 
closures. Hence by Krein-Millman's theorem we conclude the proof. ■ 

PROOF OF THEOREM 1.6: A proof for (a) => (b) => (c) is given by William 
Arveson in Corollary 4.2 in [Ar4]. Now in the next paragraph we will prove (b) => (a). 

We fix 7r,r as in Proposition 3.7. We fix a maximal abelian von-Neumann sub- 
algebra M. of tt(C*(S))'. S being separable, C*(S) is also separable as a C*-algebra. 
We identify Ai = L°° (X, fi) for a standard Borel space with a probability measure 
/j, and decompose 7i = J^ T~{- X dfj,(x) and any element A £ M! as A = fjj? A(x)d[i(x). 
In particular decompose ir into a direct integral of Borel measurable irreducible 
representations [Di,BRI] tt x : C*(S) — > B{T-L X ) given by 

r® 

7r(a) = / ir x (a)dfi(x) 
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and also decompose r(a) into a direct integral of UCP maps t x : C*(S) —> B(H X ) 
given by 



r(a) = / T x (a)dfjt(x) 

Since t{o) = ir(a) for all a G S, we find a ^-null set N such that n x (a) = T x {a) 
for all a € 5 and x ^ N. Thus by (b) we get ir x {a) = T x (a) for all a G C*(S) and 
x ^ N. So in particular 7r = r on C*(«S). That (b) implies (a) follows now by Lemma 
3.4 ■ 

Now we aim to prove a result which we may call non-commutative analogue of 
potential theorem giving a criteria for hyper-rigidity of S for C*(«S). Let 7r,r : 5 — » 
B(H) be elements as described in Lemma 3.4. The unit vector f2 determines faithful 
state 4> of C* (5) given by 

(f)(a) =< £l,ir(a)9, > 

We also set a state (j) of C* (5) defined by 

4>(a) =<n,n(a)n > (3.3) 

Thus 0(a) =< PQ,JT(a)Pn >=< Q,T{a)n > for all a € C*(S). 

LEMMA 3.7: Then <p = <p on C*(«S) if and only if the state a ^< n,r(a)n > is 
faithful. In such a case 4>(a) =< il,r(a)il > for all a € C*(S). 

PROOF: If part of the statement is trivial. For only if part we check that state cj> 
being faithful on C*{S) and complete order isomorphism Iq : ir(S) — > tt{S) which ad- 
mits (J)Iott = (pTT on S we get same relation valid for unique C*-isomorphic extensions 
by Theorem 1.1. ■ 

THEOREM 3.8: S is hyper-rigid for C* (S) if and only if every faithful cyclic 
representation ir : A — > B(7i) on a separable Hilbert space U admits the following 
criteria: any UCP map r : A — > B(7i) that satisfies t\S = ttiS is faithful on C*(5)+ 
i.e. r(a) = for a € C*(5)+ if and only if a = 0. 
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PROOF: The proof that follows now is somewhat routine. We need to prove if part. 
By our hypothesis and Lemma 3.7 we have eft = 4> on C*(S). For each a G C*(S) we 
have r(a) G tt{C*{S)" by Proposition 3.6 and the vector state (j){X) =< $l,X£l > 
is faithful on tt(C*(S))". For any a £ A, Kadison's inequality says that r{a*a) — 
T(a*)r(a) > 0. Since < 0,, r(a*a) — T(a)T(a)£l >= <f>(a*a) — <f>(a*a) = for all a G S, 
faithful property of that vector state says that T(a*a) = ir(a*a) for all a G S. Use 
polarization identity to conclude that r{a*b) = ir(a*b) for all a, b G S. Since we 
S* = S, we get t{cl) = ir(a) for any a = a\a,2 with ai,a2 € S. Now we can repeat 
the process to show t(o) = vr(a) for all a = a\..a n with a^ £ S. This shows that 
t{o) = vr(a) for all a in the dense *-algebra of C*(S). Thus result follows since both 
the maps are contraction being positive unital maps on a C*-algebra. ■ 

Now we take a break from separablity hypothesis on S and % in our formalism 
for hyper-rigidity. Though Proposition 3.3 uses sepability of S and "H, one can use 
transfinite induction to arrive at a result for non-separable S and % as well. Proof 
follows standard method by considering all separable operator sub-systems in S and 
separable subspace of H. For an UCP map tq : S — )■ B(H) in CP n ° we may consider 
the family of UCP maps Tq : S' — > B{T-L') defined by restricting the map t$ to S' and 
then lookig at the corner by contraction with the projections with range of countable 
dimension. Let Tq : S 1 — > B{T-L') be a separable dilation of Tq with maximal extension 
property given in Proposition 3.3. Two such dilations are identified as one can be 
obtained by conjugating the other and thus such a dilation with maximal extension 
property is unique modulo a unitary conjugation. 

We set a partial ordering on the collections of such dilations by declaring fg -< fg 7 
if S' C S" and %' C %. We take Hilbert space % to be the inductive limit Hilbert 
spaces with directed limit with inclusion. For any totally ordered subset say Tq : 
S — )■ B(l-l), we use compactness of UCP maps in the Bounded Weak topology, to find 
a limit point of r/ : a — > P a TQ(a)P a , a G C*(S) as T~L a f 7~L. The limit point is a UCP 
map and Po7]s(a)Po = 7ro(a) for a G S. Since Since the map r] a : a — >■ P a rj(a)P a 
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is a *-homomorphism on C*(S a ), consistnacy condition ensures that r] is also a 
*— homomorphism. Thus Zorn Lemma ensures existence of an maximal element in 
the partially ordered set and two such maximal elements are unitary conjugate to 
each other. 

Thus in the proof of Theorem 1.6, we used separability of S only in the last leg 
of the argument to disintegrate tt. However note that a faithful representation of 
C*(S) is needed to ensure Lemma 3.4 and Proposition 3.5 to be valid. In such a case 
Theorem 3.8 is also valid. In particular C* algebra 8(71), which is not a separable 
C*-algebra for an infinite dimensional separable Hilbert space H, does fall in this 
catagory. More generally any a— finite von-Neumann algebra falls in the category 
of C*-algebra that admits a faithful ( normal ) state. We sum up now saying that 
Theorem 3.8 is valid for a non-separable operator system S provided C*(S) admits 
a faithful representation. Statements (a) implies (b) and (b) implies (c) in Theorem 
1,6 follows along the same line for non-separable operator systems once we make use 
recent announced results on existence of sufficiently many boundary representation 
[DaK] even for non-separable operator system S. It is not clear how to show (b) 
implies (a) which is likely to be true if we go by general wisdom! 
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